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Abstract 

We study the phenomenological implications of the classical limit of the "stringy" commutation 
relations [a&i,Pj] = ih[(l + (3p 2 )5ij + P'fiipj]- In particular, we investigate the "deformation" of 
Kepler's third law and apply our result to the rotation curves of gas and stars in spiral galaxies. 
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I. INTRODUCTION 



In this note, we continue our investigation [|], Q of the phenomenological implications of 
"stringy" commutation relations || which embody the minimal length uncertainty relation 
Ax > (h/2)(Ap~ 1 + P Ap) of perturbative string theory ||. In particular, we study the 
classical limit of the "deformed" commutation relations 

[xi,pj] = ih {(1 + Pp 2 ) 5ij + (3'pipj} , 

= ° '(2/5 P' (2(3 p')P" 2 

= ifl t^- — pp2-j (PiXj PjXi) ) (1) 

leading to the following "deformed" Poisson brackets, 

{xi,pj} = (1 + Pp 2 ) Sij + P'piPj , 
{Pi,Pj} = ^ ^ ^ ^ 2 

{^ii^j} = 7^ _|_ (Pi x j ~ Pj x i) ■ (2) 

The classical Poisson bracket is required to possess the same properties as the quantum 
mechanical commutator, namely, it must be anti-symmetric, bilinear, and satisfy the Leibniz 
rules and the Jacobi Identity These requirements allow us to derive the general form of our 
Poisson bracket for any functions of the coordinates and momenta as 

rr ,_, fdFdG dFdG\ r . dF dG 

{F ' G} = [d^dp- ~ dp~dx- ) {X ^ } + dx-dx-^ ^ ' (3) 

where repeated indices are summed. Thus, the time evolutions of the coordinates and 
momenta in our "deformed" classical mechanics are governed by 

Xi |Xj,-0 j ^ ' \ x ii x jS Qrj, , ' 

dH 

Pi = {pi,H} = -{xi,pj}—. (4) 

In Ref. @, we analyzed the motion of objects in central force potentials subject to these 
equations and found that orbits in r 2 and 1/r potentials no longer close on themselves when 
P and/or /?' are non-zero. This allowed us to place a stringent limit on the value of the 
minimal length from the observed precession of the perihelion of Mercury, 

hJp < 2.3 x 1(T 68 m , (5) 



which was 33 orders of magnitude below the Planck length. 

The natural question to ask next is whether there exist other "deformations" of classical 
mechanics due to (3 and/or j3' that are either 1) observable even for such a small value of 
TbyffS, or 2) lead to an even more stringent limit due to their absence. In the following, we 
will look at the "deformation" of Kepler's third law. We will find that while the deformation 
is not observable on the scale of the solar system, it may be observable at galactic scales. 
In fact, such an effect may have already been seen in the rotation curves of gas and stars in 
spiral galaxies. 



II. ASPECTS OF THE DEFORMED CLASSICAL MECHANICS 

Before we investigate the deformation of Kepler's third law, it is worthwhile to discuss 
some peculiarities of this novel classical dynamics. 

First, it is obvious that the Poisson bracket {xi,Xj} in Eq. (Q) is not invariant under 
translations since it is proportional to (x x p)^. For the special case of j3' = 2f3, the 
Poisson bracket {xj, Xj} is zero to order 0(/3) and we can recover approximate translational 
invariance ||. 

Second, it is not obvious how to extend the fundamental Poisson brackets to multi- 
particle systems, nor how to define appropriate 'canonical transformations' that leave the 
fundamental Poisson bracket invariant, even in the case of one-particle systems . For in- 
stance, consider the motion of 2 bodies of equal mass in ID. Let us assume that the dynamics 
will be described by two sets of 'canonical' variables, (xi,pi) and (x2,P2), which satisfy 



{x h pj} = (l + pPi) <% , 

{Pi,P2} = {3:1,2:2} = . (6) 

Compare this expression to the multi-dimensional case, Eq. (0). The right hand side of the 
first line is not (1 + (3p 2 ) Sy, where p 2 = J2iPh but (1 + (3pf) 5ij. This allows us to assume 
{x\,X2} = 0. If we change the variables naively to those of the center of mass frame, 

X] + Xo 1 
Xcm = — L ~2 1 , Pern = Pi + P2 , ( 

Pi — p 2 ^ ' 

Xrel = Xl ~ X 2 , Prel = ~ % ~ , 

then we find that the sets (x cm ,p cm ) and (x re i,£> re i) are no longer 'canonical'. Of course, in 
this deformed dynamics momentum is no longer equal to mass ■ velocity in general, so it is 



not surprising that the 'canonical' momentum of the center of mass, if it exists, is not equal 
to the sum of momenta of the individual masses. 

Third, consider ID motion with the Hamiltonian given by 

H=£ + V{x). (8) 

We will not consider any deformations of the Hamiltonian itself though it is conceivable that 
some sort of modification may be required for the consistency of the theory. The equations 
of motion read 

x = {x,H} = (l + /3p 2 )^, 

m 

p = {p,H} = (l + p p i)^-^pj . (9) 

As mentioned above, the momentum p is no longer equal to mx. From these equations, we 
can derive 

(1 + (3p 2 )(l + 3f3p 2 )F = mx , (10) 

where 

Thus we obtain a deformation of Newton's second law F = mot. Now, notice that if the force 
F is gravitational and proportional to the mass m, the acceleration x, is not mass-independent 
as usual because of the residual m-dependence through the momentum p. Therefore, in 
Eq. ( |10"1) the equivalence principle is dynamically violated. 

It should be noted that the equivalence principle is already known to be violated in 
the context of perturbative string theory ||. Fundamental strings, due to their extended 
nature, are subject to tidal forces and do not follow geodesies. However, in contrast to the 
current discussion where the systems under consideration are of macroscopic dimensions, the 
violation discussed in Ref. H was microscopic in nature. Whether this is another example 
of UV/IR correspondence in string theory remains to be seen. 

III. MOTION IN CENTRAL FORCE POTENTIALS 

Let us now consider the motion of an object in a general central force potential where 
the Hamiltonian is given by 

# = |^ + V(r), r = v /i^. (12) 



We will apply the results of this section later to the case when V(r) is the gravitational 
potential and derive a "deformed" version of Kepler's third law. 

As shown in Ref. [0], the rotational symmetry of the Hamiltonian Eq. ( Jl2| ) leads to the 
conservation of the 'deformed' angular momentum 

_ XiPj — XjPi . , 

Lij ~ (i + W) ' ( } 

which in turn implies that the motion will be confined to a 2-dimensional plane. Expressing 
the position of the object in the plane in polar coordinates (r,<p), the equations of motion 
can be cast into the form 

r = -[l + ({3 + (3')p 2 )p r , 
m 

Pr = [ 1 + (P + P )V \ \ \P -Pr)- \ mr 



r 



mr [ ' V dr J V 1 + (3p 2 

L Iri i fa , q/\ 2l/i i o._2% , r /-« o on , /r, o , aA a 2 1 / ^ \ 



[l + ((3 + (3')p 2 ](l + (3p 2 ) + [(2f3-(3') + (2(3 + f3')(3p 2 ] mr— \ , (14) 



mr 2 [ \ dr J 

where 



(p-z) /_ L 2 (l + /V) 2 

Pr = — = \IP 2 ~2 



, _ 1 _ p 2 r 2 - {p-xf 



We restrict our attention to circular orbits and impose the constraints r = and p r = 0. 
These conditions lead to 

pr 



(i + Pp 2 ) ' 

and 

/ dV\ 2 fl + (3p 2 



(16) 



rwr'KT^)- (17) 

The radius of the orbit r, and the magnitude of the momentum p = \fp 1 are now constants 
of motion. So is the angular velocity uo = <p which can be expressed as 

P fn ■ (R ■ R>\ 2 i ■ W-P') + W + FW ( dV\\ 

^ [1+( , +W]+ (^-^;h(^w P 2| 

mr { (1 — pjr) J 

( v \ (i + /V) 2 / 18 n 

vmr/ (l-/3p 2 ) ' 1 ^ 



Solving Eq. fllTD for p and substituting into Eq. ( |T8| ) yields 



m 2 f 2 = m 2 r 2 ui 2 = (mr-^—\ f(e) - (19) 



where 

m - \ 



[l + Ae- e 2 ) + (1 + e)Vl + Qe + e 2 



dV 

e = (3mr — . (20) 
Or 

The function f(e) is a monotonically increasing function of e which behaves as 

I 1 + As + 0(e 2 ) when e < 1 , 

/(e) = S ( 21 ) 
[ 4e + 0{e' 1 ) when e > 1 . 

The graph of f(e) is shown in Fig. 1. 

Note that j3' does not appear in our expression for v 2 . This means that the orbital period 
T = 2irr/v is not affected by (3'. In particular, it is independent of whether approximate 
translational invariance (/?' = 2/3) is realized or not. Note also that e, and thus the deforma- 
tion factor f(e), depends not only on r but also on m. As was the case with Eq. (fL0|), this 
last fact can be interpreted as the dynamical violation of the equivalence principle when our 
formalism is applied to motion in gravitational fields. 



IV. KEPLER'S THIRD LAW 

For a spherically symmetric mass distribution, the gravitational force on a mass m at a 
distance r from the center is given by 



dV GM(r 
— = m 

or r 



m^L, (22) 



where G is Newton's gravitational constant, and M(r) is the total mass enclosed within the 
radius r. Thus, Eq. ( |19D leads to the relation 



2 _ GM(r) 



m , (23) 

with 



2 GM(r) 



£ = (3 m 2 v_/ _ ^24) 

r 

In terms of the orbital period T = 27ir/v, we obtain 

r 3 GM(r) 



T 2 4vr 2 

This is the 'deformed' version of Kepler's third law. 



m . (25) 



Planet 


mass 
m (10 24 kg) 


eccentricity 

e 


semi-major axis 
a (10 n m) 


orbital period 
T (10 7 s) 


apparent 


predicted 

m - 1 


Venus 


4.869 


0.00677323 


1.0820893 


1.9414149 


+1 x 10~ 6 


6 x 10~ 9 


Earth 


5.974 


0.01671022 


1.4959789 


3.1558149 


+3 x 10~ 6 


6 x 10~ 9 


Mars 


0.6419 


0.09341233 


2.2793664 


5.9355036 


-6 x 10" 5 


5 x 10" 11 


Jupiter 


1899 


0.04839266 


7.7841203 


37.435566 


+1 x 10~ 3 


1 x 10~ 4 


Saturn 


568.5 


0.05415060 


14.267254 


92.929236 


+4 x 10" 4 


6 x 10" 6 


Uranus 


86.8 


0.04716771 


28.709722 


265.13700 


+1 x 10~ 3 


7 x 10~ 8 


Neptune 


102 


0.00858587 


44.982529 


520.04186 


+1 x 10~ 3 


6 x 10" 8 



TABLE I: The apparent and predicted violation of Kepler's third law in planetary orbits. 



Let us estimate how large this deformation can be for the planets in our solar system. 
Using the data from Ref. ||, we calculate the deformation factor /(e) for the planets setting 
(3 equal to the upper bound provided in Eq. ([5]). The results are shown in Table |. 

We also list the values of 

"^-1, (26) 



\T 2 GM QJ 

which show the apparent violation of Kepler's third law. Note that for elliptical orbits, the 
radius r must be replaced by the semi-major axis a. (We have not included Mercury or 
Pluto in our list since the eccentricities of these planets are rather large and the circular 
orbit approximation is poor.) 

As can be seen from Table |, the expected size of the deviation due to our deformed 
dynamics is orders of magnitude below the apparent deviation which can be explained by 
classical Newtonian dynamics as a result of perturbations of the planets on each other. Even 
in the case of Jupiter, for which the predicted deviation is the largest, the deviation due to 
the deformation is an order of magnitude smaller than the apparent deviation. 

Therefore, we can conclude that as long as the constraint given in Eq. (H) is fulfilled, any 
deformation of Kepler's third law due to non-zero (3 is completely hidden under apparent 
violations due to more conventional effects. 
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V. ROTATION CURVES OF SPIRAL GALAXIES 



The deformation of Kepler's third law will affect the r-dependence of v 2 . So let us consider 
whether our deformed dynamics could provide a non-dark matter solution to the halo dark 
matter problem. 

The halo dark matter problem pertains to the rotation curves of interstellar gas in spiral 
galaxies. 'Rotation curve' refers to the plot of v 2 as a function of the distance r from 
the galactic center. If gravity due to the visible stars is the only force responsible for the 
centripetal acceleration, then the observed distribution of stars and Kepler's third law tell 
us that v 2 should fall off asymptotically as ~ 1/r as r is increased. However, the actual 
observed rotation curves approach constant values instead, suggesting the existence of dark 
matter halos to account for the missing mass [0. 

In our deformed dynamics, the correction term f(e) does increase the value of v 2 for 
a given mass distribution. Unfortunately, the deformation parameter e = j3m 2 GM(r)/r 
itself falls off as ~ 1/r with r, so the correction vanishes for large r and cannot explain the 
plateau of the rotation curves. What our formalism does predict, however, is that the size 
of the correction will be different for different masses due to the m-dependence of e: larger 
masses will rotate at higher speeds at the same radius r, in clear violation of the equivalence 
principle. 

Curiously, it has been recently observed that the rotation curves of stars and interstellar 
gas do not in general agree when measured separately [[7], |8|. Could our 'deformed' dynamics 
account for this difference? For most galaxies it turns out that the gas rotates at higher 
speeds than the massive stars. This may have a natural explanation by positing that the 
gas interacts differently with the dark matter and magnetic fields as compared to the stars. 
However, for two exceptional galaxies reported in Ref. ||, the stars are rotating at much 
higher speeds than the gas. For the galaxy NGC7331, the speeds of the stars and gas at 
distance -R e /4 from the center of the galaxy (R e is the radius which encloses half of the 
visible light from the galaxy) are reported to be 

v gas = 79 ± 20 km/s , 

Vstar = 186 ±10 km/s. (27) 

If we interpret this galaxy where the mechanisms that would normally accelerate 

the gas over the stars are absent and the effect of 'deformed' dynamics is manifest, we can 
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ask what value of (3 would account for this difference. Since 



2 GM(r) f Aa 2 GM(r) 
v 2 = — { 1 + 4/W — + ■ ■ 

r r 



= ^(l + 4^V + ...) , (28) 

then 



% « 1 + 4/5m s 2 tar ^ 2 tar , (29) 
v 

"gas 

where we have neglected the correction term for the gas. If we assume the solar mass 

M = 2xlO 3O kg, (30) 

typical mass of a star in this galaxy, we find 

HT 69 m , (31) 

which is well within the limit given by Eq. (|5]) and thus compatible with observations on 
the scale of the solar system. 

VI. CONCLUSION AND DISCUSSION 

In this note, we have investigated possible observable consequences of the "deformed" 
Kepler's third law as implied by the classical limit of the "stringy" commutation relations, 
Eq. (JJ), which were in turn based on the minimal length uncertainty relation of perturbative 
string theory 

Due to the stringent limit on (3, Eq. ([5]), obtained from the precession of the perihelion 
of Mercury in a previous publication 0, the predicted sizes of the deviations for the planets 
are too small to be observed. However, the effect of the deformation can be amplified at 
galactic scales due to the large momenta involved and lead to significant changes in the 
rotation curves of stars in spiral galaxies. 

It would be interesting to contrast our deformed classical mechanics with another modi- 
fication of Newton's theory, MOND (Modified Newtonian Dynamics) |J, which apparently 
succeeds in predicting a flat rotation curve by modifying Newton's second law to 

F~m — x, (32) 
a 
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at very small accelerations (i <C ao ~ 10~ 10 m/s 2 ). Our deformed dynamics predicts different 
rotation curves for different masses, so it is apparently quite different from MOND which 
does not violate the equivalence principle. Nevertheless, it is interesting to ask whether 
there exists a deformation of the usual Hamiltonian dynamics which incorporates some kind 
of UV/IR relation and is in the same universality class as MOND. We hope to address this 
question in the future. 
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FIG. 1: The behavior of the function f{e). 
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